Introduction
The triennial survey by the Bank for International Settlement (BIS) consistently reported trading volumes of the currency markets to be on the rise, with a recent survey
showing that trading volume soared to over $4 trillion a day ---a 20% gain in the global foreign exchange markets from $3.3 trillion in 2007. With the rise of globalization and electronic trading, non-bank players such as hedge funds have emerged as major players in the currency market with their shares of daily volume matching the interbank as of 2007 (Gallardo and Heath, 2009 ). These 'non-bank' players in the currency market based on observations by Nasypbek and Rehman (2011) , not only consist of different types of investment funds managers, from hedge funds to mutual funds, which are increasingly using the currency markets as a distinct asset class, but also currency overlay firms, which traditionally serviced clients who prefer passive hedging and also view currency as an asset class, with an aim to generate profits from buying and selling currencies, independent of any other activity such as hedging, market-making, or trading equity and bond securities.
The survey from the BIS shows that researching on the currency overlay portfolio is of a tropical interest and relevant, especially on their performances and this is the main aim of the paper. Additionally, this paper proposes an optimisation mechanism in the process of currency overlay portfolios construction, an area that has not been explored in the literature that often uses pre-determined fixed weights, such as the trading volume of currencies from the BIS survey, to construct currency overlay portfolios and this may not be optimal. The findings in this paper reveal that conditionally hedging the currency exposure could produce better risk-adjusted returns that minimise the FX exposure, if applying the appropriate allocation scheme and this provides support to the evidence in the existing literature. In the next section, I survey the related literatures to support the needs for the optimisation of the FX exposures. Then, I discuss the suggested methodology for this paper and followed by the discussion of the findings and finally I conclude the paper.
Literature Review
The use of Active Currency Management activities has increasingly gained attention over the past years following market globalisation that prompted increased allocations to international assets. Pojarliev and Levich (2012) suggest that the realization that the currency component of an international portfolio might be actively hedged, and profitably so, had led some managers to offer currency management as a separate product. Other currency management mandates, according to Pojarliev and Levich, include the absolute return and currency overlay mandates. Research on currency overlay management in the literature dates back as early as Solnik (1997) . LaBarge (2010) lists out what Solnik (1997) commented on currency overlay management. Solnik (1997) commented that investors can adopt a separate currency overlay strategy. In this case, there are two basic ways to separately manage the currency exposure that arises from holding a portfolio of international securities: partial optimisation and separate optimisation. The 'partial optimisation' is where the currency overlay is the second step in the asset management process, after determining the asset allocation for the portfolio, while in the 'separate optimisation', the currency overlay is a standalone mandate, and neither the overlay manager nor the asset manager has knowledge of the other's activities. The overlay manager may or may not be given the discretion to decide the optimal currency weights. An integrated approach was also introduced in Jorion (1994) ,
where the optimal weights of both the underlying securities and the currencies are determined simultaneously.
Existing academic literatures on the research of currency overly portfolio is not very clear on which mandate they are following. Their approaches are mostly focused on the underlying currency strategies that aim at maximising the returns from managing the FX exposures. This has the advantage of highlighting the significance of currency overlay in contributing to the overall returns and performance of the international portfolios for investors. A distinguishing feature of this paper is to make contribution not just in highlighting the FX/currency overlay strategy, but also to optimise the returns of the FX strategies to construct currency overlay portfolios.
The earlier literature shows Acar and Lequeux (2001) to be the main research in the area of currency overlay strategy. They comment that while managing actively the currency exposure will not necessarily produce incremental returns, this often also does not imply that active strategies would not reduce risk 1 . Existing literature follows the similar line of enquiries that Acar and Lequeux (2001) took to explore the effectiveness of currency overlay program and this includes Dunis and Levy (2002) , Tee (2009) and Pojarliev (2005) . The results in Dunis and Levy (2002) indicate that the use of an overlay program to manage currency exposures adds to the risk-adjusted returns of the portfolios. In particular the use of "exotic currencies" is proven to add superior risk-adjusted returns before and even after the addition of transaction costs, compared to an overlay of only "major currency" paired to the U.S dollar. Their findings demonstrate a further benefit of international diversification to emerging markets, in association to the use of emerging markets' currencies, which they termed as "exotic currencies". Pojarliev (2005) Acar and Lequeux (2001) explain that, due to the highly likely serial dependence, which violates some assumptions underlying traditional optimization techniques, and renders these optimization results to be flawed, currency overlay managers have been adding values to portfolios that include foreign assets by following a rule whereby they vary their currency exposures in accordance with trend-following rule. The "Buy" and "Sell" signals generated by moving averages could be used to dynamically hedge the currency component of international assets. For instance, a German investor having invested in the United States might use the "Buy" signal generated on Euro futures contract to repatriate the dollar investment into Euro. When a "Sell" signal is generated the German investor will keep or regain his unhedged position that is implicitly short of euro. The reciprocal case involves an American investor having bought some German assets. He will use the "Sell" signal generated on euro futures contract to repatriate the euro investment into dollars. Likewise, he will keep or regain his unhedged position that is implicitly short of dollars. This strategy uses trend following based technical trading rule applying moving average to detect the strength of the price movement of exchange rates to execute the "buy" or "sell" decision.
While existing literature that follow Acar and Lequeux (2001) have often shown that currency overlay portfolios perform better than using hedging or no hedging style of currency managements, these literature, however, often simplify the multi-currencies (overlay) portfolios construction by assuming equally weighted scheme (Pojarliev, 2005) or the BIS surveyed FX trading volume (Acar and Lequeux, 2001) . Such allocation of the currencies' weights could lead to sub-optimal outcomes and also pointed out in Dunis and Levy (2002) .
However, the caution of s "sub-optimal" outcome has not prevented subsequent researches to treat the allocation differently. Gyntelberg and Schrimpf (2012) , for example, show that short-term multi-currencies investment that use strategies (i.e., carry-trade, momentum and term-spread strategies) which are equally weighted, reveal evidence of downside risk properties during periods of financial distress. They show that the strategies exhibit substantial tail risks and also do not appear to perform uniformly during periods of turmoil in global markets. Their research also reveals that the common equity benchmarks feature even greater downside risks than those foreign exchange investment strategies. This prompted the need to re-think the issue of allocation mechanism of multi-currencies portfolio within a currency overlay program, as they will impact on risk and diversification effects. This also Campbell, et, al (2010) . Two of their research findings include, firstly, showing considerable improvements in the portfolio allocation can be achieved by style investing in the currency markets. Considering all the three currency strategy styles increases the (annualized) Sharpe ratio from 1.25 (benchmark assets, conditional optimal hedge) to 1.62
(FX style augmented portfolio), an increase of about 30%. Secondly, they show that the combination of all the three currency strategies improves the portfolio allocations more than 8 relying on a single currency style in isolation. As correlations among these three strategies are fairly low, diversification benefits were therefore expected. The portfolio outcomes turn out to be much less exposed to negative skewness, implying the reduction in the exposure to potential downside risks.
Different to Kroencke et al (2014) and Gyntelberg and Schrimpf (2012) , this paper focuses on a single FX strategy style underlying a momentum-based trend following approach in the currency overlay portfolios as discussed in the literature. The momentumbased approach is similar to those in Kroencke, et al (2014) , except that they use different variables. Their momentum portfolio goes long in a portfolio of currencies with the highest past cumulative returns (so-called "winners") and short in a portfolio of currencies with the lowest past returns (so-called "losers"). They based the conditioning variable of the momentum strategy on the cumulative return over the past three months, which was later The TFX strategy
Step 1: Compute the moving averages of 32, 61 and 117 days using daily spot rates for each of the currencies of GBP, JPY and EURO, all against the USD
Step 2: For each currency, compare each of the three individual-moving-average days' (i.e., 32, 61 and 117 days) averages with the actual weekly spot rate on the same week date.
Step 3: If the actual weekly spot rate is more than any two of the three individual-movingaverage days' averages on the same week date, then apply 50% hedge. If it is less than any two of the three individual-moving-average days' averages on the same week date, then unhedge the position.
Step 4: Compute weekly returns based on the hedge or un-hedge position, by comparing with either the forward or spot rate recommended from the hedging criterion in the previous week.
The EW-TFX strategy
Step 2: For each currency, compare the average of the three individual-moving-averages with the actual weekly spot rate on the same week date.
Step 3: If the actual weekly spot rate is more than the average of the three individual-movingaverages, then apply 50% hedge. If it is less than the average of the three individual-movingaverages on the same week date, then un-hedge the position
Step 4: Compute weekly returns based on the hedge or un-hedge position, by comparing with either the forward or spot rate recommended from the hedging criterion in the previous week
The criterion for hedging decision incorporates a trend-following FX strategy which has also been applied in the literature. 
TVC-GARCH Model as allocation methodology for currencies overlay portfolios
This section discusses the technique to optimise the currencies' returns associated with the TFX and EW-TFX strategies discussed in section 3.1. This paper models the time- 
which is time-varying if 21, is not 0 and if
is not a constant 4 . Redefining the correlation coefficient based on the re-parameterisations of conditional variances ( ,  , ) and conditional covariance ( , ) transformed the above function as follows (Asai, et al (2006) ): To assess the effects of correlations, this paper compares portfolio performance of TVC-GARCH (1,1) with Constant Correlation (CC)-GARCH(1,1) model introduced in Bollerslev (1990) , where correlations are modelled as a constant throughout the estimation periods. The conditional covariance model of the CC-GARCH (1,1) model defined as follows: Note: MV, CC and TVC are the allocation schemes. TVC is Multivariate Time-varying Correlation GARCH model based on Cholesky Decomposition while CC is based on Constant correlation Multivariate GARCH model. Hedged, Unhedged, EW-TFX and TFX portfolios are allocation outcomes based on different currency management styles respectively. Hedged portfolios are based purely on using forward contracts, while unhedged portfolios are based purely on using spot rates. EW-TFX and TFX portfolios outcomes are based on the conditional hedging criterion. The portfolio outcome of TFX uses the three individual moving averages of 32, 61 and 117 days to determine hedging needs. The portfolio outcome of EW-TFX uses equally-weighted value of the three moving average days of 32, 61 and 117 to determine hedging needs. Section 3.1 discusses the use of the 32, 61 and 117 moving average days within the hedging criterion. The average returns are not significantly different from zero. However, there are some significant differences within the subsamples in different periods for some currencies portfolios. See table 4 for more details. * This is the average weekly return over the one year period in 2010.
portfolios. The EW-TFX portfolios' standard deviations are also slightly lower than other currencies portfolios in each allocation scheme. This confirms the argument in the literature that the EW-TFX is better in reducing volatility than the TFX portfolio. Taking the TVC-GARCH (TVC) allocation scheme as an example, we see that the average weekly and median returns which are 0.103% and 0.291% respectively are better than the other currencies portfolios. The median return, for example, is 8.6 times better than the hedged currencies portfolio, 3.4 times better than the unhedged currencies portfolio and about 2 times better than the TFX overlay portfolio. The standard deviations (SD) of the various currencies portfolios differ only slightly, ranges from 0.919% (EW-TFX) to 1.036% (TFX).
However, the two currencies overlay portfolios do not appear able to cut losses as well as that of the hedged currencies portfolios. This is the same in all the allocation schemes.
Both the EW-TFX overlay and the TFX overlay portfolios show a minimum return of -2.459% and -2.289% respectively, which are slightly lower when compared to the minimum return of -2.215% of the hedged currencies portfolio. It is also observed in table 2 that the ratio of mean to SD (0.112) is the highest for the EW-TFX overlay portfolio under the TVC-GARCH (1,1) scheme. When compared the risk adjusted returns within each allocation scheme, the EW-TFX overlay portfolio is always better.
I next evaluate the effects of correlation and allocated weights on currencies portfolio performances. The CC and the TVC schemes produce different portfolio outcomes due to the modelling of correlations underlying each scheme. Figures 1 and 2 show the correlations of the different currencies portfolios. Compare to figure 2, which reports the variation of weights for the three currencies in the estimation periods, it shows that JPY has a higher 
CC-TFX portfolio TVC-TFX portfolio
Note: The weights of the three currencies pairs, JPY, GBP and EUR reported in this figure are based on those formed under the (i) CC-TFX and (ii) TVC-TFX portfolios. TVC is Multivariate Time-varying Correlation GARCH model based on Cholesky Decomposition while CC is based on Constant correlation Multivariate GARCH model. Both are used to model the variance covariance matrix in the currency overlay portfolio optimisations process, which is the TFX portfolio in this case. The optimal weights of the three currencies pairs are derived in sample using the recursive window approach, where the initial estimation dates are fixed at the first week of January of 1999 until the last week of December in 2009. The derived weights are then used for allocating the three currencies pairs out sample in the one-week ahead period for January 2010 to form the currency overlay portfolio. Then additional observations are added one at a time to the estimation period with the last estimation dates from the first week of January 1999 until the third week of December in 2010, in order to derive weights to form portfolios out sample for December 2010. Figure 2A proportion when allocated by the TVC rather than the CC scheme 8 , which is supported by the relatively lower (negative) correlations of JPY with EUR and with GBP shown in figure 1.
This also supports the diversification of the EW-TFX currencies strategy to some extent, as the EW-TFX currencies overlay portfolios, under the TVC scheme produce better for the weekly, median and risk-adjusted returns. This findings support existing evidence in Acar and Lequeux (2001) that show equally weighted moving average FX strategy in overlay portfolios could lead to better risk reduction.
4.2: Significance of the outperformance of the currencies portfolios
This section discusses the statistical significance differences between currencies portfolios within and across the allocation schemes. I test them by comparing the sub-samples on quarterly and monthly bases. The significantly different currencies portfolios are listed in table 3. The result shows that significant differences between portfolio returns are stronger across allocation schemes than within each allocation scheme. The CC scheme shows some significant differences in the sub-sample, implying some impacts from managing the currency exposure differently. On the other hand, there are also some significant differences between sub-samples on monthly and quarterly bases for individual currencies portfolios under each allocation scheme as shown in table 4. Table 3 lists the currencies portfolios pairs that are significantly different from each other, in terms of the sub-samples based on the month and quarter periods. Panel A lists those within the same allocation. Panel B lists those across different allocation schemes. M1 denotes the month of January, until M12 denoting the month of December. Q1 denoting the first quarter until Q4 denoting the fourth quarter. Panel A places the period of the subsample in bracket next to the portfolios pairs. Panel B lists the subsample period in the first column. For the currencies portfolios pairs, the first two or three letters denote "allocation schemes" and these are tvc (TVC-GARCH(1,1)), cc (CC-GARCH(1,1)) and mv (Markowitz) and the next two or three letters denote currencies portfolios, and these are uh (unhedged), hed (hedged), ew (EW-TFX) and tf (TFX). All currencies portfolio pairs reported are significantly different from each other at 10% level, and those with ** are significant at 5% level. The Wilcoxon Signed Rank test has been used to conduct the statistical significant test due to the small number of data in each sub sample. * Panel A lists the average weekly returns of the corresponding portfolios pairs based on the particular quarter or month of the year in bracket below the portfolios pairs. Panel B list them in the third column. Table 4 reports the results of the statistical significant test for the differences of the sub samples within the 52 weekly currencies portfolio returns, namely Hedged, Un-hedged, EW-TFX and TFX portfolios, as listed in table 1. Table 4 use both quarterly and monthly based sub-samples. Quarterly based sub-samples consist of all individual weekly returns that made up one quarter while monthly based sub-samples consist of all individual weekly returns that made up one month. These subsamples are then compared with each other in pair either quarter with quarter or month with month. The results reported show significant differences of the sub samples within the 52 weekly returns, at 10% significant level, those with ** are significant at 5% based on the various sub-samples on a month or quarter basis. M1 indicates January and M2 indicates February and this goes on until December. Q1 indicates quarter one and this goes on until quarter four. The Wilcoxon Signed Rank test has been used to conduct the statistical significance test due to the small sub sample sizes. Table 3 reveals more evidences of currencies portfolios outperformances across different allocation schemes. This shows the stronger impact of allocation schemes than that of the risk exposure management strategies when comparing the sub-samples of the currencies portfolios month-by-month. However, the effectiveness of the type of currency risk management used appears not to be conclusive. For example, in the month of May 2010 (M5), the TVC scheme for EW-TFX (i.e., tvcew) portfolios' returns are significantly different to other currencies portfolios and that the average weekly returns of the EW-TFX overlay portfolio using the TVC schemes is 0.4137% and this is also higher than all other currencies portfolios for the month of May, showing evidence of outperformance. Turning to the month of June 2010 (M6), the reverse however is true. It shows the TVC scheme for EW-TFX portfolios only produces average weekly return of 0.0801%, and no longer outperforms other portfolios.
Conclusion
This paper proposes an approach to optimally construct currency overlay portfolios.
The approach uses the multivariate TVC GARCH and multivariate CC GARCH models as allocation schemes, with the underlying returns originated from a moving average-based trend following single FX strategy in a hedging criterion. For comparison, the paper includes the average values (equally weighted) from the combination of the three single (and different) moving average days to determine the hedging needs underlying the hedging criterion. This produces the EW-TFX and TFX returns that are then used to optimise and construct the currency overlay portfolios.
Our findings reveal the EW-TFX portfolios adopting the TVC-GARCH scheme produce the best risk-adjusted returns, supporting existing evidence in Acar and Lequeux (2001) who show that the equally weighted moving average FX strategy in overlay portfolios to give better risk reduction. When tested for significant differences in the portfolios, those in the same allocation scheme do not show stronger significant differences based on the monthly and quarterly sub-samples, except for the CC-GARCH (1,1) allocation scheme.
There are, however, more of such evidences when comparing the portfolios' returns across allocation schemes, showing the stronger impact of the allocation schemes.
This paper makes a contribution by introducing optimisation in the process of constructing the currency overlay portfolios, an angle not been explored in the existing literature that often rely on pre-determined fixed weights to allocate currencies to form overlay portfolios and this may not always be optimal. Though appropriate, including the optimisation adds to the complexity in the process. To investigate the effect and implement this efficiently, this paper uses a three currencies' portfolio to conduct the empirical study.
The main limitation of this approach is the smaller number of currencies used, which may have led to the outcomes of the statistical significance tests for the differences in the portfolios' returns across and within the allocation schemes. The portfolios' construction is fairly restrictive in the numbers of currencies that could be allocated to form portfolios and hence impact on the variability of returns period on period to the extent it affected the significant difference levels in the returns of the allocation schemes. Future research could use a relatively flexible Multivariate GARCH model capable of accommodating a larger numbers of currencies to enable a more efficient implementation in the process.
Research on currency overlay management remains an area of interest from the professional and academic perspectives, following recent survey from the BIS that revealed increasingly more currency overlay professional trading in the FX markets. More importantly, recent volatility of the foreign exchange markets (in particular, the immediate period post Brexit) would also have prompted interest to effectively managing the FX exposure for international investors. Therefore, a few important areas could also be explored.
This includes optimizing overlay portfolios based on the returns of the FX strategies that apply carry-trade, momentum and term-spread strategies, which was applied in Gyntelberg and Schrimpf (2012) . This is also relevant as findings from Gyntelberg and Schrimpf (2012) showed that the overlay portfolios reveal substantial tail risks. Moreover, findings from Gyntelberg and Schrimpf's (2012) also reveal that the common equity benchmarks feature even have greater downside risks than the FX strategies. This further reveals the need to apply more effective currency overlay strategies, such as an integrative approach that aims at optimising both the exposure and volatility of the currency and the underlying asset markets, to appropriately incorporate the risk appetites of international investors. This should be the next important future research area. 
�
The above conditional variance ( 11, , 22, and 33, ) and the conditional covariance functions ( 21, , 31, and 32, ) are re-parameterised under Cholesky Decomposition and now include the parameters of g (for = ) and (for > ). The above illustrates the decomposition for a 3-asset portfolio, which is the case in this paper. As the number of assets increase, the decomposition involves more processes. Tsay (2005) 
Appendix 2
This appendix discusses the derivation of the Mardia's tests for multivariate normality adapted from Sweeting (2010) . Numerical tests based on measures of multivariate (bivariate) skew and kurtosis (Mardia's test) are derived to test multivariate normality of data sets or data pairs. Tests are normally carried out jointly based on Mahalanobis (1936) , using the Mahalanobis distance and the Mahalanobis angle. Mahalanobis distance deals with outliers within datasets by identifying observations that lie far away from the centre of the data cloud, giving less weight to variables with large variances or to groups of highly correlated variables (Joliffe (1986) ). We discuss the computation of the Mahalanobis distance as follows:
Consider the column vector which contains the observations at time where = 1, 2, … , for a group of variables, so ′ = ( 1, , 2, , … . . , ). Let the column vector � contain the sample mean for each variable calculated over all = 1, 2, … , so � ′ = ( � 1 , Multiplying this by /6 gives Mardia's skew and statistic, , that has a 2 distribution with ( + 1)( + 2)/6 degrees of freedom, which will be the case under the null hypothesis where it will be a standard normal The null hypothesis of bivariate normality are rejected for the two sets of tests in each of these periods, confirming that correlation coefficients of the currencies' pairs may be biased
to reveal the precise interdependence pattern, where the consistent relationship throughout may be affected underlying their joint distributions.
